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Self-sustained emission in semi-infinite non-Hermitian systems at the exceptional
point
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Complex potential and non-Hermitian hopping amplitude are building blocks of a non-Hermitian
quantum network. Appropriate configuration, such as PT -symmetric distribution, can lead to a
full real spectrum. To investigate the underlying mechanism of this phenomenon, we study the
phase diagrams of a semi-infinite non-Hermitian systems. They consist of finite non-Hermitian
clusters and semi-infinite leads. Based on the analysis of the solutions of the concrete systems, it
is shown that they can have full real spectra without any requirements on the symmetry and the
wave function within the leads becomes unidirectional plane waves at the exceptional point. This
universal dynamical behavior is demonstrated as the persistent emission and reflectionless absorption
of wave packets in the typical non-Hermitian systems containing the complex on-site potentials and
non-Hermitian hopping amplitudes.
PACS numbers: 03.65.-w, 11.30.Er, 71.10.Fd
I. INTRODUCTION
Non-Hermitian Hamiltonians are often employed to de-
scribe the open systems due to their features of complex-
valued energy and non-preserved particle probability.
Recent observations show that a large families of non-
Hermitian Hamiltonians can have all eigenvalues real, if
the loss and gain are set in a balanced manner, being in-
variant under the combination of the parity (P) and the
time-reversal (T ) symmetry. A parity-time (PT ) sym-
metric non-Hermitian quantum theory has been well de-
veloped as the complex extension of conventional quan-
tum mechanics [1–9]. Although the condition of the PT
symmetry for a complete real spectrum is weaker [10],
it still implies the underlying mechanism can be based
on the balance of the loss and gain. However, such an
intuitive consideration of the balance needs to be investi-
gated precisely. The concept of the balance should not be
simply understood as the conjugate relation of two non-
Hermitian subsystems arising from the PT symmetry.
It can not provide physical explanation to the following
features about exceptional point: (i) The PT symmetry
of the system can not guarantee the balance of the loss
and the gain, or the reality of the energy levels. (ii) The
spontaneous symmetry broken states always appear in
pairs. Furthermore, this consideration is also related to
the precise physical significance of the complex potential
and non-Hermitian coupling, which are basic elements for
a discrete non-Hermitian system. On the other hand, the
purpose of this investigation is not only for the fundamen-
tal physics,but also for the application in practice due to
the formal equivalence between the quantum Schro¨dinger
equation and the optical wave equation [11–21]. Further-
more, the PT symmetry breaking has been observed in
experiments [22, 23].
∗ songtc@nankai.edu.cn
In this paper, we investigate semi-infinite non-
Hermitian system without PT symmetry. Based on this,
we try to clarify the concept of balance in the non-
Hermitian discrete system in the framework of the quan-
tum mechanics rather than a phenomenological descrip-
tion. We show an entirely real spectrum and study the
exceptional point of a semi-infinite non-Hermitian sys-
tem from the dynamical point of view. We show that the
wave function within the lead becomes a unidirectional
plane wave at the exceptional point. This universal dy-
namical behavior is demonstrated as the self-sustained
emission and reflectionless absorption of wave packets by
two typical non-Hermitian clusters containing the com-
plex on-site potential and non-Hermitian hopping ampli-
tude.
This paper is organized as follows. In Section II we
analyze the classification of possible solutions and solve
two examples to illustrate our main idea. Section III
presents the connection between the semi-infinite systems
and PT -symmetric systems. Section IV is devoted to
the numerical simulation of the wave packet dynamics to
demonstrate the phenomena of the persistent emission
and reflectionless absorption. Section V is the summary
and discussion.
II. SEMI-INFINITE SYSTEM
The discrete non-Hermitian model, with the non-
Hermiticity arising from the on-site complex potentials
as well as the non-Hermitian hopping amplitude, is a
nice testing ground to study the basic features of the
non-Hermitian system not only because of its analytical
and numerical tractability but also the experimental ac-
cessibility. In recent years, fundamental aspects of non-
Hermitian continuum systems are studies by using dis-
cretization [24], as well as the studies on quantum square
wells [25]. On the other hand, non-Hermitian quantum
models are also investigated, such as tight-binding sys-
2tems [26–31], spin systems [10, 32–35], and strongly cor-
related systems [36, 37]. Besides the fundamental fea-
tures of discrete PT -symmetric quantum systems, theo-
retical research on the quantum dynamics and scattering
behaviors in discrete non-Hermitian networks are inves-
tigated in a series of papers [35, 38–41]. In experiment,
light transport in large-scale temporal lattices is studied
in PT -symmetric fiber networks, it is also demonstrated
that the PT -symmetric network can act as a unidirec-
tional invisible media [42]. Although many surprising
features and possible applications of PT -symmetric are
revealed, they are mostly based on the finite systems. In
this paper, we intend to study the infinite system.
A. Classification of solutions
Here we consider a semi-infinite lead coupled to a non-
Hermitian finite cluster. The Hamiltonian is written as
H = Hl +Hsub,
Hl = −J
0∑
l=−∞
(a†l al+1 +H.c.), (1)
Hsub =
Ns∑
i,j=1
κija
†
iaj .
It is noted that Hsub is non-Hermitian, possessing the
complex-valued eigen energy, while Hl is Hermitian, hav-
ing complete spectrum E = −2J cos (k), (k ∈ [0, 2pi))
and the eigen state sin (kj) a†j |0〉. To investigate the role
of the lead in the non-Hermitian Hsub, we will consider
the whole solution of the Hamiltonian H and analyze its
properties.
The eigen state can be expressed as |ψ〉 =∑Ns
j=−∞ f
k (j) a†j |0〉. The explicit form of the wave func-
tion fk (j) depends on the structure of Hsub. Generally
speaking, the solution of fk (j) can not be obtained ex-
actly even the explicit form of Hsub is given. However,
within the lead the wave function is always in the form
fk (j ≤ 0) = Akeikj +Bke−ikj , (2)
due to the semi-infinite boundary condition.
The Schro¨dinger equation has the explicit form
− Jfk (j − 1)− Jfk (j + 1) = Efk (j) , (j ≤ 0)
− Jfk (0) +∑Nsi=1 κi1fk (i) = Efk (1) , (3)∑Ns
i=1 κijf
k (i) = Efk (j) , (j ∈ [2, Ns])
within all the regions. The solutions of E and fk (j) de-
pend on the structure of the system Hsub. Nevertheless,
the exclusive geometry of the lead will give some clues to
the characteristics of the eigenvalues and eigenfunctions.
In the framework of Bethe ansatz method, all possi-
ble solutions within the lead can be classified into three
types:
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FIG. 1. (Color online) Schematic illustration of the configu-
ration of the concerned network and profiles of possible so-
lutions. It consists of a non-Hermitian finite cluster and a
semi-infinite chain. The solutions on the lead are threes types:
scattering state wave (green), monotonic damping wave (blue)
and oscillation damping wave (red).
(1) Scattering state wave, the wave function and energy
are in the form
fSS (j) = Ake
ikj +Bke
−ikj , (k is real) (4)
E = −2J cos (k) . (5)
(2) Monotonic damping wave, the wave function and
energy are in the form
fMD (j) = (±1)j eβj , (β < 0) (6)
E = −2J cosh (β) . (7)
(3) Oscillation damping wave, the wave function and
energy are in the form
fOD (j) = e
ikj+βj , (β < 0, k ∈ (0, 2pi) , k 6= pi) (8)
E = −2J [cos (k) cosh (β) + i sin (k) sinh (β)] .(9)
In Fig. 1, the concerned system and three types of
possible solutions within the lead are illustrated schemat-
ically. For the case of a hermitian Hsub, the solutions
are the form of fSS (j) and fMD (j) with |A| or |B| = 0
definitely. In the case of non-Hermitian Hsub, fOD (j)
may appear associated with the complex energy level.
In case of absence of the solution fOD (j), full real spec-
trum achieves, which shows the existence of the station-
ary states. It indicates that the lead acts as a channel to
balance the gain or loss in the system Hsub.
At certain points kc, the system makes transitions be-
tween wavefunctions fSS (j) and fMD (j), as well as be-
tween fSS (j) and fOD (j). The former transition is ac-
tually a switch between real and imaginary k, preserving
the reality of the eigen energy. Then the transition point
locates at k = 0, pi, i.e.,
fMD (j)
β=0−→ (±1)j , (10)
fSS (j)
A or B=0, k=0,pi−→ (±1)j , (11)
which usually occurs in the case of Hermitian Hsub. The
later transition only occurs in a non-Hermitian system,
eigen energy switching between real and complex values.
In contrast to the above case, the transition point (re-
ferred as exceptional point) depends on the structure of
3the non-Hermitian Hsub, i.e.,
fOD (j)
β=0−→ eikcj , (12)
fSS (j)
B=0−→ eikcj . (13)
It indicates that a unidirectional plane wave exists in the
lead when an appropriate non-Hermitian Hsub is con-
nected. It has both fundamental as well as practical im-
plications. This result reveals the exceptional point from
an alternative way: It is the threshold of the balance be-
tween the non-Hermitian subcluster and the lead. From
a practical perspective, the unidirectional-plane-wave so-
lution at the exceptional point can be used to realize
the reflectionless absorption and persistent emission in
the experiment. To characterize the probability genera-
tion (negative in the case of the dissipation) of the non-
Hermitian cluster, we introduce the current operator [43]
Jˆj = −iJ
(
a†jaj+1 − a†j+1aj
)
, (14)
where j ∈ [−∞, 0].
For three types of wave functions fSS (j) e
−iEt,
fMD (j) e
−iEt and fOD (j) e
−iEt, the corresponding cur-
rents can be obtained as
JSS = 2J(|Ak|2 − |Bk|2) sin (k) ,
JMD = 0, (15)
JOD = 2J sin (k) e2[βj−2J sin(k) sin(β)t].
We can see that JSS is time-independent and is conser-
vative along the lead, representing a steady flow or the
dynamic balance, while JOD is non-periodically time-
dependent, indicating the unbalance of the state. In
other word, the mechanism of the reality of the spectrum
is the balance between the source (or drain) and the chan-
nel of the probability flow. Then the exceptional point is
the threshold of such dynamic balance, corresponding to
the unidirectional-plane-wave, i.e., |Ak| = 0 or |Bk| = 0.
Then the probability generation for the exceptional point
is
Jc = 2J sin (kc) , (16)
which the sign indicates that the cluster is a source or
drain, then it is referred as critical current in this paper.
Unlike the situation in traditional quantum mechanics,
the magnitude of the current Jc does not represent the
absolute current in traditional quantum mechanics be-
cause the corresponding eigenstate is not normalized un-
der the Dirac inner product.
We will demonstrate and explain these points through
the following illustrative example. We would like to point
out that, there is another type of the exceptional point,
arising from the transition of two types of wave functions
fOD (j) and fMD (j), which is beyond our interest.
B. Illustrative examples
In this subsection, we investigate two simple exactly
solvable systems to illustrate the main idea of this paper.
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FIG. 2. (Color online) Schematic illustration of the phase
diagrams in the infinite N system: (a) a uniform chain with
a complex potential and (b) with a complex hopping at one
end.
In order to exemplify the above mentioned analysis of
relating the wavefunction within the lead and the eigen-
value, we take Hsub to be the simplest non-Hermitian
networks to construct two types of exemplified systems.
Type I is a uniform chain with a complex potential at
one end and type II is a uniform chain with a complex
hopping at one end. In the following, we present the
analytical results in the framework of above mentioned
for the two models in order to perform a comprehensive
study.
1. Semi-infinite system with complex potential
The type I Hamiltonian has the form
HCP = −J
∞∑
j=1
(a†jaj+1 +H.c.) + Je
iθa†1a1, (17)
where θ is a complex number. According to Bethe ansatz
method, the wavefunction fk (j) can be expressed as
fk (j) = Ake
ikj +Bke
−ikj , j ∈ [0,∞) (18)
and the Schro¨dinger equations for HCP is
− Jfk (j + 1)− Jfk (j − 1) = Ekfk (j) , (19)
−Jfk (2) = [Ek − Jeiθ] fk (1) .
4Submitting fk (j) into the Schro¨dinger equation, we have
Rk =
Bk
Ak
= −1 + e
i(θ+k)
1 + ei(θ−k)
, (20)
which is the reflection amplitude for the scattering state.
Now we are interested in the wavefunction with complex
eigen energy. The existence of the solution fOD (j) re-
quires
e−ik = −eiθ and Im (k) > 0, (21)
which lead to k = pi − θ with Im(θ) < 0. Then we con-
clude that there is a unique complex solution within the
region Im(θ) < 0 and the system has full real spectrum if
the potential is in the rest region. At the boundary, we
have
Re (θc) = θc, (22)
which indicates a circle of radius J in the complex plane.
The phase diagram is sketched in Fig. 3 (a). Then the
corresponding wavefunction has the form
fkc (j) = ei(pi−θc)j , (23)
which represents a unidirectional plane wave with energy
Ekc = 2J cos (θc) . (24)
Accordingly, the critical current is
Jc = 2J sin (θc) , (25)
which accords with the intuition that a positive imagi-
nary potential can be a source and a negative imaginary
potential can be a drain. However, unlike the situation
in traditional quantum mechanics, the magnitude of the
current Jc does not represent the absolute current in tra-
ditional quantum mechanics because the eigenstate is not
normalized under the Dirac inner product.
Before further discussion of the implication of the ob-
tained result, two distinguishing features need to be men-
tioned. Firstly, the non-Hermitian system can have full
real spectrum even though there is no symmetry required.
Secondly, there is only one possible complex energy level
rather than complex conjugate pairs. Thus there is no
level coalescing occurring at the exceptional point. Both
of these differ from that of a finite PT -symmetric sys-
tem. In the following example, it will be shown that
such features are not exclusive to the complex potential.
2. Semi-infinite system with complex-coupling dimer
The type II Hamiltonian has the form
HCC = −J
∞∑
j=2
(a†jaj+1 +H.c.)−Jκa†1a2− Jκa†2a1, (26)
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FIG. 3. (Color online) Schematic illustration for the non-
Hermitian PT -symmetric networks: (a) two separable semi-
infinite chains with the complex potential and (b) with the
complex hopping at the end. (c) When an arbitrary semi-
infinite system and its conjugate counterpart are connected
at infinity, a PT -symmetric system are constructed.
which is a different type of the non-Hermitian model in
contrast to the type I. Here κ is a complex number. In the
following, we will perform a parallel investigation with
the current Hamiltonian. The Bethe ansatz wave function
has the form
fk (j) =
{
Ake
ikj +Bke
−ikj , j ∈ [1,∞)
Cke
ikj +Dke
−ikj , j = 0
. (27)
Substituting fk (j) to the Schro¨dinger equation,
− Jfk (j − 1)− Jfk (j + 1) = Ekfk (j) , j ∈ [3,∞)
−Jκfk (1)− Jfk (3) = Ekfk (2) , (28)
−Jκfk (2) = Ekfk (1) ,
we obtain the reflection amplitude
Rk =
Bk
Ak
= −
(
κ2 − 1) e2ik − 1
(κ2 − 1) e−2ik − 1 . (29)
The existence of the solution fOD (j) requires
k =
1
2
i ln
(
κ2 − 1) , 1
2
i ln
(
κ2 − 1)+ pi and Im (k) > 0.
(30)
Similarly, we conclude that there are two complex so-
lutions within the region |κ|4 − 2Re(κ2) > 0, and
the system has full real spectrum if κ is in the region
|κ|4 − 2Re(κ2) 6 0. The phase diagram is sketched in
Fig. 2 (b). The boundary can be expressed as
1
2
{
[Re (κc)]
2
+ [Im (κc)]
2
}2
= [Re (κc)]
2 − [Im (κc)]2 ,
(31)
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FIG. 4. (Color online) Schematic illustration for the non-
Hermitian PT -symmetric networks: (a) an uniform chain
with a complex potential and (b) with a complex hopping
at both sides.
which is a Lemniscate of Bernoulli in the complex plane.
Then the corresponding eigen wave functions at the
boundary have the form
fkc (j) =
{ ±ei(ϕ/2)j , j ∈ [2,∞)
±κ−1c ei(ϕ/2)j , j = 1
, (32)
where
tanϕ = i
κ2c − (κ∗c)2
|κc|4 − 2
(33)
is real. The wave functions fkc (j) represent unidirec-
tional plane waves with energy Ekc = ±2J cos (ϕ/2),
respectively. This indicates that a complex-coupling
dimer is a different type of basic element for a discrete
non-Hermitian system in comparison with complex po-
tential. There are two eigenstates corresponding to a
single exceptional point. In virtue of the critical cur-
rent Jc = ±2J sin (ϕ/2), one can see that the complex-
coupling dimer acts as a source for Jc > 0 but a drain
for Jc < 0.
It is noted that both above two examples are not sym-
metric, which show that the symmetry is not the neces-
sary condition for the occurrence of full real spectrum.
The underlying mechanism can be explained as the bal-
ance between the source (or drain) and the channel. In
this sense, a semi-infinite chain can act as a source (or
drain) to balance the original drain (or source). The ex-
ceptional point is the threshold of such balance. This
point will be elucidated in details in the section III.
III. CONNECTION BETWEEN THE
SEMI-INFINITE SYSTEMS AND PT
SYMMETRIC SYSTEMS
So far we have shown that there exist a class of semi-
infinite non-Hermitian non-PT symmetric systems pos-
sessing fully real spectra. The occurrence of complex lev-
els in such systems, or quantum transition, is not accom-
panied by the spontaneous symmetry breaking, but the
delocalization-localization transition of wave functions.
So it is interesting to consider the connection between the
obtained results and the well developed non-Hermitian
PT -symmetric quantum mechanics.
A. PT symmetric infinite systems
We start the analysis with the simple configuration,
which can constructed fromHCP (HCC) and its PT coun-
terpart PTHCP (PT )−1 (PT HCC (PT )−1), as sketched
in Figs. 3 (a) and (b). Here the action of the parity op-
erator P is defined as P : l → −l and the time-reversal
operator T as T : i→ −i. The Hamiltonians are written
as
HPTCP = HCP + PT HCP (PT )−1 (34)
= −J
∞∑
j=−∞,
(j 6=−1,0)
(a†jaj+1 +H.c.)
+Jeiθa†1a1 + Je
−iθ∗a†−1a−1
and
HPTCC = HCC + PT HCC (PT )−1 (35)
= −J
∞∑
j=−∞,
(j 6=−2,±1,0)
(a†jaj+1 +H.c.)
−Jκ
(
a†1a2 +H.c.
)
− Jκ∗
(
a†−1a−2 + H.c.
)
.
Obviously, they are PT -symmetric and have all features
of typical pseudo-Hermitian systems: (i) They have the
same phase diagrams in Fig. (2) as their corresponding
sub-systems HCP and HCC. At the exceptional points,
two eigen functions coalesce an entire plane wave within
the whole space except the 0th site. (ii) The complex lev-
els come in conjugate pairs. PT -symmetry of the eigen
functions break. This toy model shows us the essence of
symmetry breaking: the delocalization-localization tran-
sition of wave functions in each sub-system. At this point
we are ready to move to a more complete description,
considering an inseparable system.
We start from the corresponding solutions of the
Hamiltonians H†CP and H
†
CC, which actually can be ob-
tained by applying time-reversal operation, i.e., taking
complex conjugation for the obtained solutions of the
Hamiltonians HCP and HCC. It is interesting to find
that the real eigen-valued solutions between HCP and
H†CP (HCC and H
†
CC) can match with each other due to
the fact that
Ak
Bk
=
B−k
A−k
, (36)
for both examples in the Eqs. (20) and (29). In other
words, all the real eigen-valued solutions will not change
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FIG. 5. (Color online) Plots of the eigen fuctions of (a) H1 with θ = 0.4 − 0.4i, eigen energy 1.99 ± 0.32i, and (b) H2 with
κ = 1 + 1i, eigen energy −1.14 ± 0.71i, for N = 20 chain. The blue and red solid (empty) circle indicate the real (imaginary)
part of wave functions for the conjugate pairs, respectively. It can be observed that the eigen functions are localized around
the non-Hermitian clusters and thus break the PT symmetry. We also note that two eigen functions of the conjugate pairs are
PT -symmetric counterpart to each other.
if two systems HCP and H
†
CP (HCC and H
†
CC) are con-
nected at the infinity, as sketched in Fig. 3 (c). It is pre-
sumable that the similar situation could occur in finite
system, i.e., a semi-infinite non-PT symmetric system
can be regarded as the rudiment of the corresponding
finite PT -symmetric system. We will demonstrate this
point through the following illustrative examples, which
are finite versions of combined HCP and H
†
CP (HCC and
H†CC). A sketch of such systems are given in Figs. 4 (a)
and 4 (b).
B. PT symmetric finite systems
The potential example is a PT symmetric non-
Hermitian N -site chain with complex on-site potential
at two ends, which has the Hamiltonian
H1 = −J
N−1∑
j=1
(a†jaj+1 +H.c.) + Je
iθa†1a1 + Je
−iθ∗a†NaN .
(37)
It is a PT symmetric model, i.e., [PT , H1] = 0, where
the action of the parity operator P is defined as P : l →
N+1− l and the time-reversal operator T as T : i→ −i.
For infinite N , it becomes the combination of the systems
HCP and H
†
CP. For finite N , it is an extension version of
the model proposed in the previous paper Ref. [27]. By
using the standard Bethe ansatz method, the solution is
determined by the critical equation
Γ (k) = 0 (38)
where
Γ (k) = ei(θ−θ
∗) sin [k(N − 1)] (39)
+ sin [k(N + 1)] + 2Re
(
eiθ
)
sin (kN) .
Accordingly, the exceptional point can be obtained by
the equations [27, 37]
Γ (kc) = 0 and
dΓ (k)
dk
∣∣∣∣
k=kc
= 0. (40)
It is difficult to get the explicit solutions of the Eq. (40)
for finite N . Nevertheless, the equation about dΓ (k) /dk
can be reduced to
ei(θ−θ
∗) cos [kc(N − 1)] + cos [kc(N + 1)] (41)
+2Re
(
eiθ
)
cos (kcN) ≈ 0
by taking the approximation N ± 1 ≈ N in the large
N limit. It is easy to find that the existence of real kc
solution requires Im(θ) = 0 and kc = pi − θ. It is in
accordance with result in the corresponding semi-infinite
system.
The dimer example can be described by the Hamilto-
nian
H2 = −J
N−2∑
j=2
(a†jaj+1 +H.c.)− Jκ(a†1a2 +H.c.)
+Jκ∗
(
a†N−1aN +H.c.
)
, (42)
which corresponds to the combination of two systems
HCC and H
†
CC. By the same procedure as that for H1,
we find that the critical equation for finite N is
χ2 sin [k (N − 3)] + χ1 sin [k (N − 1)] (43)
− sin [k (N + 1)] = 0
where
χ1 = κ
2 + (κ∗)
2 − 2, (44)
χ2 = χ1 − |κ|4 + 1. (45)
In addition, the exceptional point for large N is deter-
mined by the equations
2χ2 cos (2kc) + χ1 ≈ 0 (46)
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FIG. 6. (Color online) Plots of the current J (k) for eigenstates of (a) H1 with θ = 1 + 0.5i and (b) H2 with κ = 0.3 + 0.3i,
for N = 30 chain. As mentioned in the text, the magnitude itself of the current is meaningless. We are interested in the sign
of it, which indicates direction of flow, or the location of the source. We note that the sign of the current for H1 are the same
and the complex potential can always be source when its imaginary part is positive. This is in accordance with our intuition.
Nevertheless, the sign of the current for H2 are different, which indicates that a non-Hermitian dimer cannot be a source or
drain absolutely.
and
2 cos (2kc)− χ1 = 0, (47)
which leads to the same results as the Eqs. (31) and (33).
It has been shown by the PT -symmetric quantum the-
ory, beyond the exceptional points the complex levels in
both above two models come in conjugate pairs [6] and
the PT symmetry of the corresponding eigen functions
break. Nevertheless according to our above analysis, the
occurrence of the complex level should be accompanied
by the delocalization-localization transition of the corre-
sponding wave function. We perform numerical simula-
tion of eigen functions for finite size system to demon-
strate this connection. In Fig. 5, we plot the eigenfuc-
tions with complex eigen values including real and imag-
inary parts for the models H1 and H2, respectively. It
shows that the PT symmetry of all the eigen functions
break and are local, which accords with our analysis.
C. Current source and drain
The above results are helpful to understand the mech-
anism of the Hermiticity of a non-Hermitian system. It
is well known that the existence of the full real spectra of
two above PT systems is attributed to the balance be-
tween the source and drain. Nevertheless, this descrip-
tion cannot provide an explanation for the exceptional
point and symmetry breaking since the PT symmetry
of the Hamiltonian seems to maintain such a balance al-
ways. Based on the investigations of above two subsec-
tions, we can reach the following picture: A finite non-
Hermitian cluster can act as a source (or drain), while a
semi-infinite lead can act as a tunnel to release the cur-
rent caused by the source (drain). A semi-infinite lead
has its own threshold to carry the current, which is char-
acterized by the onset of complex energy level, or un-
steady current. Then the exceptional point in this sense
is the threshold of the balance between source (or drain)
and the lead. It leads to another signature of the point,
delocalization-localization transition of the correspond-
ing wave function.
As for a finite PT -symmetric system in the form
H1 and H2, the source and drain is always in balance
within the unbroken region. The consistency of the
phase diagrams between the finite PT -symmetric system
with large N and the corresponding semi-infinite systems
shows that the exceptional points are caused by the same
mechanism. Then the essence of the symmetry breaking
is the unbalance between the source (drain) and the uni-
form chain, rather than that between source and drain.
Loosely speaking, the symmetry breaking is due to that
the uniform chain blocks the current from the source and
drain. On the other hand, the accordance between the
results of these PT systems with large N and that of
semi-infinite systems implies that a lead can act as a
multifunctional source (or drain) to match a drain (or
source).
We would like to emphasize the difference between two
types of non-Hermitian elements, complex on-site poten-
tial and non-Hermitian hopping amplitude, by means of
the current J (k) = 〈k| Jˆj |k〉 for the eigenstate |k〉 of the
Hamiltonian H1 and H2. In Fig. 6, we plot the current
J (k) for all the eigenstates |k〉 of finite-size systems for
H1 and H2. It shows that the signs of the currents are
independent of k for H1, but dependent of k for H2. A
certain non-Hermitian dimer can be a source or drain for
two different eigenstates, which is different from a com-
plex potential.
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FIG. 7. (Color online) The profile of the evolved wave function 〈j |φ (t)〉 for the initial state being (a) an incident Gaussian
wavepacket with k0 = −pi/2, NA = 10 and α = 0.5, and (b) a site state at the left end. We plot the imaginary (blue) and real
(red) parts of the amplitudes 〈j |φ (t)〉 of the wave function at instants t with the unit of 1/J . We see that in both cases, the
evolved wave functions tend to the persistent emission of the plane wave with the momentum k ≈ kc = pi/4. One can see the
plane wave travels to the left and the corresponding phase velocity is 4
√
2/pi from the subfigures t = 80 and t = 80.5 (t = 60
and t = 60.5), in the Figs. 7 (a) (7 (b)).
IV. WAVEPACKET DYNAMICS
In this section we will apply the above theoretical re-
sults to simple accessible examples to investigate the dy-
namic behavior for local initial states. This may provide
some insights into the application in practice.
Firstly, we focus on the phenomenon of the persistent
emission. Consider an arbitrary local initial state on the
lead in the system at the exceptional point. The initial
state can always be written in the form
〈j |φ (t = 0)〉 = ckceikcj +
∑
k 6=kc
ck
(
eikj +Rke
−ikj
)
,
(48)
where
∑
k 6=kc
ck
(
eikj +Rke
−ikj
)
represents the superpo-
sition of the scattering states with different k. It is pre-
sumable that the probability of all the scattering states
transfers to infinity after a sufficient long time, and then
only the unidirectional plane wave survives. To demon-
strate and verify this analysis, numerical simulations are
performed for two typical initial states: an incoming
Gaussion wavepacket and a delta-pulse at the scatter-
ing center. A Gaussian wavepacket with momentum k0
and initial center NA has the form
|ψ(k0, NA)〉 = 1√
Ω0
∑
j
e−
α
2
2
(j−NA)
2
eik0j |j〉 , (49)
where Ω0 =
∑
j e
−α2(j−NA)
2
is the normalization factor
and the half-width of the wavepacket is 2
√
ln 2/α. Here
we take k0 = −pi/2, NA = 100 and α = 0.5. The con-
cerned system is described by the Hamiltonian in the Eq.
(37) with θ = 3pi/4, which corresponds to the persistent
emission of the plane wave with momentum kc = pi/4.
The profiles of the evolved wave functions are plotted in
Figs. 7 (a) and 7 (b). One can see the profile of the wave
and the corresponding phase velocity from the figures,
and after a little long time the evolved wave functions
accord with the plane wave of
Re (〈j |φ (t)〉) ∼ cos [(pi/4) j + 2Jt cos (pi/4)] , (50)
Im (〈j |φ (t)〉) ∼ sin [(pi/4) j + 2Jt cos (pi/4)] , (51)
within the finite region along the lead, approximately.
This result has implications in two aspects: Firstly, we
achieve a better understanding of the imaginary poten-
tial. We found that a complex potential always corre-
sponds to the wave vector of the unidirectional plane
wave, which is determined by Eq. (23). Secondly, it pro-
vides a way to measure the complex potential in the ex-
periment.
On the other hand, it is presumable that the reflec-
tionless absorbtion should naturally be reflected in the
dynamics of the wavepacket with the momenta around
kc due to the continuity of the reflection coefficient in
the vicinity of the exceptional point kc. Consider an in-
coming Gaussian wavepacket with momentum k0 = kc
and initial center NA, which can always be written as
〈j |ψ(kc, NA)〉 = 1√
Ω
∫ pi
−pi
e−
1
2α2
(k−kc)
2−iNc(k−kc)dk 〈j |k〉 ,
(52)
where 〈j |k〉 = eikj denotes the plane wave with momen-
tum k, and Ω =
∫ pi
−pi
e−(k−kc)
2/2α2dk is the normalization
factor. It is a superposition of the plane waves with mo-
menta around kc, which have small reflection coefficients.
Therefore there is small probability being reflected for the
wavepacket. The optimal situations to achieve the reflec-
tionless absorbtion of a wavpacket are determined by the
conditions
|Rkc | = 0,
d |Rk|
dk
∣∣∣∣
k=kc
= 0, (53)
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FIG. 8. (Color online) The probability distribution of the evolved wave function for the initial state being the incident Gaussian
wavepackets with k0 = −pi/2, NA = 100, (a) α = 0.5, and (b) α = 0.015. We plot |〈j |φ (t)〉|2 at instants t with the unit of
1/J . We see that in both cases, the reflection coefficients are small, especially for the wider incident wavepacket, which is more
close to the plane wave with the momentum k = kc = pi/2.
which minimizes the reflectional probability. Straight-
forward derivation indicates that the optimal complex-
potential (hopping) scattering center system requires θ =
pi/2 (κ2 = 1±i) and the momentum of the corresponding
reflectionless wave is kc = pi/2 (pi/4).
To demonstrate and verify this analysis, numerical sim-
ulations are performed for two initial wavepackets with
k0 = −pi/2, NA = 100, α = 0.5 and 0.15, respectively.
The concerned system is described by the Hamiltonian
in the Eq. (37) with θ = pi/2, which corresponds to the
reflectionless plane wave with momentum kc = pi/2. The
profiles of the evolved wave functions are plotted in Figs.
8 (a) and 8 (b). The reflection coefficients of the two
wavepackets are 0.003 and 0.035, respectively. It shows
that wider wavepacket leading to lower reflection rate,
which accords with the previous theoretical analysis.
V. SUMMARY
In summary, the mechanism of the non-Hermiticity of
a discrete non-Hermitian system has been investigated
in an alternative way. It is shown that the symmetry
is not the necessary condition for the occurrence of full
real spectrum. The underlying mechanism can be ex-
plained as the balance between a non-Hermitian cluster
and a semi-infinite chain: the semi-infinite lead can play a
complete role to balance a finite non-Hermitian cluster,
resulting in a full real spectrum. It is also shown that
the threshold of such balance is the exceptional point
of the semi-infinite non-Hermitian systems, the occur-
rence of the corresponding complex eigenstates experi-
enced the delocalization-localization transition. Further-
more, at the exceptional point, the eigen wave function is
shown to be a unidirectional plane wave. Practical appli-
cation of this feature to the dynamics of the wave packet
demonstrates the phenomena of the self-sustained emis-
sion and reflectionless absorbtion, which could be very
useful for the design of quantum devices.
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